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[11 When quantifying model prediction uncertainty, it is statistically convenient to

represent model errors that are normally distributed with a constant variance. The Box-Cox
transformation is the most widely used technique to normalize data and stabilize variance, but
it is not without limitations. In this paper, a log-sinh transformation is derived based on a
pattern of errors commonly seen in hydrological model predictions. It is suited to applications
where prediction variables are positively skewed and the spread of errors is seen to first
increase rapidly, then slowly, and eventually approach a constant as the prediction variable
becomes greater. The log-sinh transformation is applied in two case studies, and the results
are compared with one- and two-parameter Box-Cox transformations.

Citation: Wang, Q. J., D. L. Shrestha, D. E. Robertson, and P. Pokhrel (2012), A log-sinh transformation for data normalization and
variance stabilization, Water Resour. Res., 48, W05514, doi:10.1029/2011WR010973.

1. Introduction

[2] In many hydrological applications, it is highly desira-
ble to quantify the uncertainty of hydrological model pre-
dictions. Hydrological model prediction variables are often
highly skewed and their errors are typically not normal and
display nonconstant variance (heteroscedasticity) [Schoups
and Vrugt, 2010]. Various heteroscedastic error models
have been proposed for hydrological applications [e.g.,
Schoups and Vrugt, 2010; Thyer et al., 2009]. However,
the most common treatment is to transform the prediction
variable to normalize errors and stabilize their variance in
the transformed space. This approach is conceptually attrac-
tive as it is statistically convenient to deal with errors that
are normally distributed with constant variance.

[3] The most widely used transformation for such a pur-
pose is the Box-Cox transformation with one or two param-
eters [Box and Cox, 1964]. The Box-Cox transformation
has proven to be highly successful for many applications,
including hydrological applications [e.g., Kuczera, 1983;
Bates and Campbell, 2001 ; Thyer et al., 2002 ; Yang et al.,
2007; Engeland et al., 2010]. However, it is not without
limitations [Sakia, 1992]. As will be demonstrated later in
this paper, the one-parameter Box-Cox transformation is
not always able to achieve variable normalization and var-
iance stabilization. As a result, the probability distribution
quantifying prediction uncertainty is sometimes unreliable.
The two-parameter Box-Cox transformation is more flexi-
ble and can achieve better variable normalization and var-
iance stabilization over most of the data range. However,
this flexibility may lead to the assignment of unrealistically
large uncertainty to predictions of large events.

[4] The nonparametric method of normal quantile trans-
formation (NQT) is also widely used in hydrology because
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of its ability to deal with nonstandard frequency distribu-
tion shapes [e.g., Montanari and Brath, 2004]. However, it
has a number of limitations. While the method aims to nor-
malize model predictions and observations, there is no guar-
antee that model prediction errors after transformation are
also normally distributed and have stable variance. Extrapo-
lation beyond the available data range is also problematic.

[5] In this paper, we derive a new parametric transforma-
tion based on a pattern of errors commonly seen in hydro-
logical model predictions. We compare the transformation
with the one- and two-parameter Box-Cox transformations
through two case studies.

2. New Transformation

[6] Figure la shows the errors of simulated daily flows of
the GR4J daily rainfall-runoff model [Perrin et al., 2003]
applied to the Hurdle Creek catchment in Victoria, Australia.
Error is defined here as the difference between observed and
model simulated flows. The errors are displayed against the
simulated flows. The spread of the errors is seen to grow with
the simulated flows, but the growth slows down and eventu-
ally tapers off as the simulated flows become greater.

[7] A similar pattern of errors can be seen in Figure 1b.
Here the WAPABA monthly water balance model [Wang
et al., 2011] was applied to the Lake Hume catchment located
in southeastern Australia. Monthly flow volumes were simu-
lated. This pattern of errors is also seen in the work of
Schoups and Vrugt [2010] and indeed in many other hydro-
logical modeling applications we have encountered.

[8] Denote the model simulation of a variable y as yg;y.
Assume that any simulation bias that may exist has already
been corrected. The expectation and variance of y are,
respectively,

E[y} = Vsim, (1)

Varly] = [s (Vsim)}z- 2
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Figure 1. Model error spread of (a) GR4J simulated daily
flows for the Hurdle Creek catchment in Victoria, Aus-
tralia. (b) WAPABA simulated monthly flows for the Lake
Hume catchment located across the border between Victo-
ria and New South Wales, Australia.

[9] A general variance stabilizing transformation may be
deduced as ([Huber et al., 2002]; a note at http ://www.stat.
ufl.edu/~winner/sta6207/transform.pdf)

LA |
- / . 3)
N sim)

[10] In deriving the new transformation, we assume that
the standard deviation follows

S(ysim) = S()tal'lh (a + bysim)7 (4)

where sg, a, and b are parameters. Equation (4) approxi-
mates the kind of spread pattern of errors shown in Figure 1.
The standard deviation increases with yg,,, but the rate of
increase tapers off and the standard deviation approaches
So as ysim becomes larger (Figure 2a). In sections 3 and 4,
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Figure 2. (a) Standard deviation as a function of simulated
variable (for equation (4) with s = 1, a = 0, and b = 1).
(b) Transformed variable versus untransformed variable
(for equation (6) witha =0 and b = 1).

we will demonstrate that equation (4) is a reasonable
assumption.

[11] Substituting (4) into (3) and taking the integration
yields

11
z=——log (sinh [a + by]) + c. %)
Sob

[12] The constants sy and ¢ are removed from (5) to give
the transformation a cleaner form,

1
b

[13] Welcallitithelogssinhitransformation. The errors in

the transformed space have a constant variance when (4) is
satisfied.

[14] A plot of z versus y fora = 0 and b = 1 is shown in
Figure 2b. The transformation stretches out the z range far

log (sinh [@ + by]). (6)

z=
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more when y is small than when y is large. This has the
effect of normalizing positively skewed variables such as
flows, and consequently the variable errors in the trans-
formed space are also more normally distributed than before
transformation.

[15] In normalizing variables and stabilizing variances,
the transformation brings about opportunities for success-
fully applying simple error models to quantify model pre-
diction uncertainty.

3. Case Study 1

[16] Here we first demonstrate the application of the log-
sinh transformation to the example shown earlier in Figure 1b.
Monthly flow volume y was simulated as yg, using the
WAPABA model for the Lake Hume catchment (catchment
area 12,185 kmz; annual rainfall 882 * 228 mm; annual
runoff 230 £ 137 mm; annual potential evapotranspiration
1281 = 49 mm). The model was calibrated for 19501955
to achieve a good fit between the observed flows and simu-
lated flows [Wang et al., 2011]. It was then used to simulate
flows for 1956-2008. The aim here is to construct an error
model to describe the uncertainty of the model simulations.

[17] The observed flow and simulated flow are first log-
sinh transformed to z and zg;,,, respectively. The error in the
transformed space is assumed to be normally distributed
with a constant standard deviation o, giving

p(z) = N(zsim, 0) (M
and
) = JZ—vyp(Z)» (®

where J._,, is the Jacobian determinant of the transforma-
tion from z to y,
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[18] A Bayesian inference of the parameters a, b, and o
is made by assuming that the prior for the parameters is
inversely proportional to o [Gelman et al., 2004; Wang
and Robertson, 2011]. Zero flow events are treated as hav-
ing censored data that are known to be equal or below zero
but not known for their precise values [Wang and Robert-
son, 2011]. Point estimates of the parameters are obtained
through a maximum a posteriori (MAP) solution, and pa-
rameter uncertainty is not further considered. Figure 3a
shows that the errors after transformation are normally dis-
tributed. Figure 3b shows that the assumed theoretical rela-
tionship between the standard deviation and simulated
flow, as represented by equation (4) (but evaluated here
through Monte Carlo simulations), approximates well the
standard error estimated from data. Figures 3c and 4a give
the 0.05 and 0.95 quantiles of the modeled error distribu-
tions. The quantiles appear to be consistent with the data.

[19] For the purpose of comparison, we also apply Box-
Cox transformations to the same data set. A two-parameter
Box-Cox transformation has the form [Box-Cox, 1964]

+e) -1

="

5 (10)
[20] The most widely used is the one-parameter Box-
Cox transformation with ¢ set to zero. In this study, how-
ever, we apply a one-parameter Box-Cox transformation by
fixing € to 1.00 x 10~ to cope with zero flow events. We
also apply the more general two-parameter Box-Cox trans-
formation with both € and ) being determined from data.
[21] The results from using the one-parameter Box-Cox
transformation are included in Figures 3 and 4. The results
from using the two-parameter Box-Cox transformation are
nearly identical to using the one-parameter transformation
and therefore not included. The difference between the
Box-Cox transformations and the log-sinh transformation is

Jey = 4 _ coth (a + by). (9) mainly in the high-simulated flow range, where the log-sinh
dy transformation gives a smaller standard deviation (Figure 3b)
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Figure 3. Diagnostic plots of the error models for WAPABA simulated monthly flows for the Lake
Hume catchment. (a) Normal probability plot of scaled errors before (open circles) and after (solid
circles) transformation of the simulated flows. Scaled errors are errors divided by all sample standard
deviation. (b) Standard errors estimated from a moving window of 10 data points (circles), and theoreti-
cal relationship between standard deviation and simulated flow (line). (¢) The 0.05 and 0.95 quantiles
(lines) of modeled error distribution compared with errors of the simulated flows (circles). Colors: Red
for the log-sinh transformation, and blue for the one-parameter Box-Cox transformation.
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Figure 4. Sample time series plots of the error models for WAPABA simulated monthly flows for the
Lake Hume catchment: (a) using the log-sinh transformation, and (b) using the one-parameter Box-Cox
transformation. Legends: Black dots for observed flows, red line for modeled median, blue lines for 0.05

and 0.95 quantiles of modeled error distribution.

and therefore a narrower uncertainty band (Figure 3c). There
are probably not sufficient data points in the high-simulated
flow range for making any firm conclusions, but visually the
log-sinh transformation appears to be more consistent with
the data.

[22] Table 1 compares the performances in flow predic-
tions of the three transformations in terms of the Akaike in-
formation criteria (AIC), continuous ranked probability
score (CRPS) [e.g., Matheson and Winkler, 1976; Wang
et al., 2009], and percentage of data points falling into the
90% credible interval. The Box-Cox transformations are
slightly better in AIC and percentage cover, while the log-
sinh transformation is slightly better in CRPS.

[23] We conclude from this case study that the log-sinh
transformation is able to model the error variance and nor-
malize the data. Its performance in flow predictions is com-
parable to that of the Box-Cox transformations.

4. Case Study 2

[24] We now present a second example to contrast the
log-sinh transformation with the one- and two-parameter
Box-Cox transformations. The same after-transformation
error model (equation (7)) is applied to GR4J simulated
daily flows for the Allyn River catchment in New South
Wales, Australia (catchment area 205 kmz; annual rainfall
1189 = 255 mm; annual runoff 350 = 193 mm; annual
potential evapotranspiration 1271 % 39 mm). This example
is chosen because the daily flows there are highly skewed

and require a strong transformation to be normalized. The
GR4J model was calibrated for 1992-2006, and the param-
eters of the transformations and error model are inferred in
the same way as for the Lake Hume example.

[25] The results are shown in Figures 5 and 6 and in Ta-
ble 2. The errors after the transformations are approxi-
mately normally distributed for all three transformations
(Figure 5a). The log-sinh transformation appears to model
well the standard deviation (Figure 5b) and uncertainty
band (Figure 5c¢). However, the Box-Cox transformations
poorly model the standard deviation (Figure 5b) and uncer-
tainty band (Figure 5c¢). For a moderate- to high-simulated
flow range, the one-parameter Box-Cox transformation
underestimate the standard deviation and uncertainty band,
while the two-parameter Box-Cox transformation severely
overestimate the standard deviation and uncertainty band.
This is also reflected in the time series plots in Figure 6.
Note that for the two-parameter Box-Cox transformation,
the results presented in Figures 5 and 6 and in Table 2 have
been calculated by applying a limit of flow not exceeding
10 times the highest historically observed flow. Without
applying this limit, the standard deviation and uncertainty
band would have rapidly approached infinity, because of
the thick upper tail of the Box-Cox transformed normal dis-
tribution associated with a negative A of —0.323 (Table 2).

[26] Interestingly, the two-parameter Box-Cox transfor-
mation results in the best AIC value and overall percentage
cover (Table 2). There may be two reasons for this. First,

Table 1. Parameter Values and Performances of Error Models for WAPABA Simulated Monthly Flows for the Lake Hume Catchment

Akaike Information

Continuous Ranked Data Points Falling Into

Transformation Parameter Values Criterion (AIC) Probability Score (CRPS) 90% Credible Interval
Log-sinh a=0.0359; 5 =0.0286; 0 = 16.0 3574 3.554 88.2%
One-parameter Box-Cox (e =1.00 x 107%), A =0.335; 0 = 1.07 3553 3.563 88.5%
Two-parameter Box-Cox £=2.69%x107°,A=0335; 0=1.07 3555 3.563 88.5%
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Figure 5. Diagnostic plots of the error models for GR4J simulated daily flows for the Allyn River
catchment. (a) Normal probability plot of scaled errors before (open circles) and after (solid circles)
transformation of the simulated flows. Scaled errors are errors divided by all sample standard deviation.
(b) Standard errors estimated from a moving window of 10 data points (circles), and theoretical relation-
ship between standard deviation and simulated flow (line). (¢c) The 0.05 and 0.95 quantiles (lines) of
modeled error distribution compared with errors of the simulated flows (circles). Colors: Red for the log-
sinh transformation, blue for the one-parameter Box-Cox transformation, and green for the two-parameter
Box-Cox transformation.
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Figure 6. Sample time series plots of the error models for GR4J simulated daily flows for the Allyn
River catchment: (a) using the log-sinh transformation, (b) using the one-parameter Box-Cox transfor-
mation, and (c) using the two-parameter Box-Cox transformation. Legends: Black dots for observed
flows, red lines for modeled median, blue lines for 0.05 and 0.95 quantiles of modeled error distribution.
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Table 2. Parameter Values and Performances of Error Models for GR4J Simulated Daily Flows for the Allyn River Catchment

Akaike Information

Continuous Ranked Data Points Falling Into

Transformation Parameter Values Criterion (AIC) Probability Score (CRPS)  90% Credible Interval
Log-sinh a=472x10"*b=559 x 107>; 0 = 88.6 4662 0.665 91.0%
One-parameter Box-Cox (e=1.00 x 107, A = 0.254; o = 0.668 6749 0.693 92.5%
Two-parameter Box-Cox e=0264, A\ = —0.323; 0 = 0.357 4359 0.940 90.3%

the two-parameter Box-Cox transformation models well
the low flows, which constitute most of the data points.
Second, for moderate- and high-simulated flows, the
observed flows fall into the middle range of the uncertainty
distribution. Thus, the poorly defined distribution upper tail
has little effect on the AIC evaluation. However, the CRPS
as a measure of the performance of the full predictive dis-
tribution, is affected by the distribution upper tail. Indeed,
the two-parameter Box-Cox transformation gives the poor-
est CRPS value, which would have been much worse if the
upper flow limit were not applied. In comparison with the
one-parameter Box-Cox transformation, the log-sinh trans-
formation has much better AIC value as well as better
CRPS and percentage cover.

[27] We conclude that for this second case study, the
log-sinh transformation produces a reasonable uncertainty
band, while the one-parameter Box-Cox transformation
appears to result in an uncertainty band that is too narrow,
and the two-parameter Box-Cox transformation too wide
and unstable.

[28] The daily flow data in this case study are highly
skewed and thus contain many more data points in the low
flow range than high flow range. For this reason, the Bayes-
ian MAP estimate of the error model parameters is
expected to be heavily influenced by the data in the low
flow range. This may partially explain why the fitted Box-
Cox transformations deviate from the data in the high flow
range. However, it is also likely that the intrinsic relation-
ships of error variance and simulated flow, as implied by
the Box-Cox transformations, are inappropriate, making it
difficult to fit the full range of data without applying further
constraints to the parameters. In contrast, the log-sinh
transformation, which has been developed based on an em-
pirical relationship of error variance and simulated flow, is
able to appropriately track the data well for both low flows
and high flows. Our analyses of flow and modeling data
from a range of catchments generally support the use of the
log-sinh transformation in preference to the Box-Cox
transformations.

5. Concluding Discussions

[29] For quantifying model prediction uncertainty, it is in
general mathematically convenient to model errors that are
normally distributed with a constant variance. Transforma-
tion is often applied to normalize data and stabilize variance.
In this paper, a log-sinh transformation is derived. The trans-
formation is particularly suited to applications where predic-
tion variables are positively skewed and the spread of errors
is seen to first increase rapidly, then slowly, and eventually
approach a constant as the prediction variables become
greater.

[30] In our first case study, we show that the log-sinh trans-
formation performs similarly to the Box-Cox transformations.

In our second case study, however, we show that the log-sinh
transformation is clearly superior to the Box-Cox transforma-
tions. For moderate- and high-simulated flow range, the one-
parameter Box-Cox transformation produces an uncertainty
band that is too narrow, the two-parameter Box-Cox transfor-
mation one too wide and unstable. In contrast, the log-sinh
transformation is able to produce an uncertainty band that
appears to be consistent with the data.

[31] To keep this study focused, the rainfall-runoff mod-
els are calibrated first and the error models fitted next. Fur-
thermore, autocorrelations in model errors (lag-1
autocorrelation coefficient 0.34 in case study 1 and 0.10 in
case study 2) are ignored. In practice, however, it makes
more sense to jointly infer the parameters of rainfall-runoff
and error models (including autocorrelations) to allow for
parameter interactions. This is indeed the approach we take
in our routine applications.

[32] We also suggest that point estimation or probabilistic
inference of the log-sinh transformation parameters are per-
formed on log(a) and log(b) instead of a and b. This is
because the transformation is highly sensitive to a and b
when they are of small values and becomes less so as they
get larger. The sensitivity is more uniform on the log(a) and
log(b) parameter space. For this reason, parameter estimation
or inference on the log(a) and log(b) parameter space tends
to be more straightforward. In our experience, a starting
range of [—15, 0] may be reasonable for both /og(a) and
log(b) for many applications. One is cautioned against allow-
ing high values of log(a) and log(b), as the log-sinh transfor-
mation may simply approach a linear shift, which has no
effect on data normalization and variance stabilization.
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